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Abstract. We use the Littlewood-Paley decomposition technique 
to obtain a C°°-wen-posedness resuh for a weakly hyperbolic equa- 
tion with a finite order of degeneration 



1. Introduction 
Let us consider the following operator 

n n 

(1) L = dt - ^ d^^ {ajk{t, a;)9^J + ^ bj{t, x)d^^ + c(t, x), 

j,k=l j=l 

where ajk = akj G 5~([0, T] x R"), bj, c G C°([0, T], 5°°(M")) and 
is the space of the infinitely differentiable functions which are bounded 
with bounded derivatives. We assume that L is weakly hyperbolic, i.e. 

n 

(2) a{t,x,0 = J2 ('Jk{t,x)^,U\^\^ > 

j,k=i 

for all (t,x,0 G [0,T] x x (M" \ {0}). We suppose also that the 
operator has a finite order degeneration in the points in which 
a{t,x,C,) = 0, i.e. there exists a positive integer k such that 

k 

(3) 5^|(^a(t,x,Ol7^0 

j=0 

for all (t, X, G [0, T] x R" x (R" \ {0}). We are interested in the 
well-posedness in the Cauchy problem for the operator with respect 
to the hyperplane {t = 0}. It is well-known that a usual hypothesis to 
such kind of results concerns a relation between the terms of first and 
second order of the operator, the so-called Levi condition. Our Levi 
condition reads as follows: that there exist Co > 0, 7 > such that 



(4) \b{t,x,0\ 



< Coa{t,x,^y 



for all G [0,T] x R" x (R" \ {0}). 
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The C°°-well-posedness for L satisfying the conditions © and 
with 

has been proved in [Hj under the supplementary hypothesis that all the 
coefficients of the operator L depend only on t. A well-known example 
in 1^ shows that the condition ^ is sharp. Let us remark that if 
k = 2 then condition (jS)) reduces to 7 > 0, i.e. no Levi condition 
is requested: it is the case of the effective hyperbolicity studied in 
[T^ : on the other hand, if k approaches to infinity then condition (jSJ 
approaches to 7 > 1/2: some special results in this case were obtained 
in pi]. The result of 6 has been extended in [S] to the case that the 
coefficient c depends also on the variable x. The case of operators L 
having only time- dependent coefficients in the principal part, while all 
the other ones depend on t and x has been considered in [H] , but in this 
case the C°°-well-posedness has been obtained replacing the condition 
(jni) by the more restrictive one 

1 1 
7 H > -. 

Recently, in P, it has been considered the case in which the principal 
part of the operator L has the following structure: 

n 

j,k=i 

In this situation the hypotheses ©, ©, © and © are sufficient to 
prove the C°°-well-posedness. We remark that the result in pP improves 
that one in ^ only in the case of one space variable. 

The proofs of all the above quoted results are based on the use of the 
so-called approximate energies, which origin goes back to the papers 
of Colombini, De Giorgi, Jannelli and Spagnolo |H], [Z! (a survey on 
the matter can be found in |3]). In particular in jH] the technique 
is very similar to that one in [Zj. In [5] and fSj some convolution 
weights are introduced to treat the coefficients depending on x, while 
in pP the approximate energies method is used together with some 
pseudo differential theory arguments. 

The approximate energies have been coupled with the Littlewood- 
Paley decomposition technique in |8j, where some energy inequalities 
and some well-posedness results for strictly hyperbolic operators with 
non-Lipschitz-continuous coefficients have been obtained. This ap- 
proach has been successfully used also in the case of strictly hyperbolic 
operators with oscillating coefficients in [Iflj . 

In this note we use the approximate energies together with the 
Littlewood-Paley decomposition technique to improve slightly some of 
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the recalled results of C°°-well-posedness for weakly hyperbolic opera- 
tors with a finite order of degeneration. In particular we will consider 
operators having the principal part of the form 

n 

j,k=i 

where 

n 

^/3,fc(t,a:)e,Wler>Ao>0 
j,k=i 

for all e [0,T] x M" x (R" \ {0}). The proof of this result 

is inspired by that one of [HI, where the use of Fourier transform is 
replaced by the localization in the phase space given by the dyadic 
decomposition of Littlewood-Paley. 

Acknowledgment. This work was prepared during the stay of the 
authors at the Institute of Mathematics of the University of Tsukuba, 
Japan, in March 2005. The authors would like to express their gratitude 
to this Institution and in particular to Prof.'s K. Kajitani, T. Kinoshita 
and S. Wakabayashi. 

2. Main results 

The main result of the paper is contained in the following theorem. 

Theorem 1. Let L be the operator defined in (QJj. Suppose that the 
hypotheses (0), ^ and ^ hold. Suppose moreover that there exist 
a, jSjk € B°° such that ajk(t,x) = a{t)(3jk{t,x) for all j , k = 1, . . . 
and for all {t,x) G [0,T] x M" and there exist Aq, Aq > such that 

n 

(6) Ao > 5^ x)i,iu/\^? > Ao > 

hk=l 

for all (t,a;,0 e [0,T] x M" x (M" \ {0}). 
Then there exist 5 > such that 

sup {\\u{t, OIIh^+i-* + \\dtu{t, ■)\\h^-A 

0<t<T 

(7) - - fT 

<Cm{\\u{0,-)\\H^+^ + \\dMO,-)\\H^+ / \\Lu{t,-)\\H^dt) 



n 



for allmeR and for all u e C2([0, T], if°°(R")). 

The usual consequence of the energy inequality ^ is stated in the 
following corollary. 

Corollary 2. Let L be the operator defined in (Qp. Suppose that the 
hypotheses of the Theorem^ hold. 

Then the Cauchy problem for L is C°° -well-posed. 
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3. Proofs 

We divide the proof of the Theorem ^ into several steps. 
a) the dyadic decomposition 

We collect in this step some of the well-known facts on the Littlewood- 
Paley decomposition, referring to |2] and [HI for the details. Let ipo G 

Co-(M"), < MO < 1, ¥^0(0 = 1 if lel < 1, ¥^0(0 = if \0 > 2, 
ipo radial and decreasing in |^|. We set ip{^) = ipo{0 ~ ¥'o(20 and, if 
z/ is an integer greater or equal than 1, (pu{C,) = ¥'(2~^0- w be a 
function in H°°{M.'^)] we define 



1 



0{2^y)2-''w{x-y) dy. 



(27r)'^/2 

We have that for all m G M there exists Km > such that 



\w 



1 2 r)2mu 



i^\\L2' 



oo oo 

— 5^ ||«;,||i.22-- < \\w\\%^ <KmJ2 

'Tt 1 1 

Moreover, for all z/ > 1, we obtain 

(8) 2-'-'\\wJl'^ < \\V,w,\\l2 = iJ2 < 2''+'\\w,\\l2. 



b) the estimate for the microlocalized approximate energy 

Let e be a positive real number less or equal than 1. Let u{t, x) be a 
function in Ci([0, T], if ~(M")). We set u^{t,x) = MD)u{t,x). We 
introduce the microlocalized approximate energy 

n 

= \\dtu^{t, •)||^2 + ^ {{ajk{t, ■) + 5jk£)d^^u^{t, ■), d^.u^{t, ■))l2, 
j,k=i 

where 6jk is Kroneker's symbol. An easy computation gives 

= 2Re ^{ed^M^, d^^dtu^) + ^{dtajkd^^Uy, d^My) 

j j,k 

-2Re '^{hjdx^Uy, dtUy) - 2Re{cUy, dtUu) 
j 

+2Re'^{d^^{[ip^, ajk\d^^u), dtuj) + 2Re ^([v^^., bj]d^M, dtUy) 

j,k j 

+2Re([v9j„ c]u, dtUy) + 2Re((LM)^, dtUy). 
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We have 

2| ^{ed^^u,,, d:,^dtUu)\ 
j 

(a(t) + £)2 

where Ci > depends only on Aq and n; similarly 

'ait) + e 



where C2 > depends only on Aq, Aq and sup \dt[3jk\- From (jlj) we 
deduce that 

where C3 > depends only on Co and Aq, and finally, 

2\{cUy,dtUu) \ < C4^—E^^eu(t), 
where again C4 > depends only on sup |c|. We choose now e = e,, = 

2k L 2 

2~''2+fe. We remark that with this choice 6^2" = 2''2+k > 1. We obtain 

(9) " ^{a{t)+eX^ a{t)+e, (a(t)+£^)|-7 ) 

+2Re J^((9^^. ([v?!., ajk]d^^u), dtUy) + 2Re ^([v?,., hj\d^M, dtuj) 

j,k j 

+2Re([v9^, c]u, dtUy) + 2Re((LM)j„ dtuS), 

where C depends only on ajk, bj and c. 
c) the estimate for the total energy 

We remind that from Lemma 1 and 2] we have that there exists 
C > depending only on the function a such that 

h{iy,t) 

(10) ^cr(^^+4^+ — ^+1).. 

< Cu 

for all t G [0,T] and for all z/ > 1. We will need also the following 
result; the proof is very similar to those ones for the quoted lemmas 
from [H]: we let it to the reader. 
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Lemma 3. There exists C > depending only on the function a such 
that 

(11) \h{u,t) -h{u + l,t)\<C 
for all t G [0, T] and for all v > 1. 

Now we define the total energy 

oo 

(12) E(t) = ^e-'^('^'*)-2-*E.,,,n(t), 

i/=0 

where cr is a positive constant to be fixed. Our goal is to prove that 

oo 

(13) E'{t) < Y,e-''^"''^-^''%Lu)4l,, 

i/=0 

and from this the inequality ((Tj) will follow. From (jUj) we obtain that 

oo 

E'{t) < J2 -2fTe-'^('^'*)-2-*^^^^^^(t) 



u=0 

oo 



+ Yl e-'^('^'*)-2'^*2| J2{[fu, a,k]d,,u, d^^dtu,) 

1^=0 j,k 



oo 



(14) +^g-M^,t)-2.*2| J2{[v.,b,]d,,u,dtu.)\ 

oo 

oo 

+ ^e-M^,t)-2.t2|((LM).,9iW,)|. 

We start to estimate 

oo 

v=0 j,k 

We use the technique of [HI Lemma 4.4]. We set ipfj, = ffi-i + + 
{f-i = 0); using also (jHl) we have 

oo 



f / 



u,ij.=0 j,k 
oo 

(h(u,t) — h(n,t)) 



< 2^ e 2 n2''+'\\[ip^,a]i)^\\c 

v',fi=0 
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where || • ||£ is the norm of bounded hnear operators from (L^(R"))" 
into itself. We remark now that 

||[v9^,a]^/'^||£ < a{t)\\[(p^,/3]^pf,\\c 

< iait)+e^)\\[ip,,p]ijjc 

< c{a{t) + 6f,)^\[<^^, /3]'^Jc, 
where c depends only on a. Finally 

{a{t) + e^)^\\Vu^\\L2 < c'\ ^{{ajk + Sjke^)d^^u^,d^M^)\^ , 
where c' depends only on Pj^. We deduce that 

oo 

,, — ^ {h{v,t)-h{u,,t)) 

The idea is now to use Schur's lemma. We introduce 

(h(i/,t)-fa()j,t)) 

K,i{t) = e 2 2''\\[ip^,a]ipi,\\c. 
We have to consider 

sup^ |A;^,^(t)|, sup^ |A;,,^(t)|. 

To this end the following lemma will be useful. 

Lemma 4. Let — yu| < 2. 

Then there exists C depending only on (3 such that 

(15) \\[^,,p]ii^,\\c<C2-r 

Let — /i| > 3. 

Then for all N > there exists Cn > depending only on N and [3 
such that 

(16) ||b.,/3]V'MlU<Civ2-^-"^^^^^''^>. 



Proof. It is easy to prove (fTHjl (see |S1 Prop. 3.6]). The inequality (fTHjl 
can be proved taking into account the fact that the supports of and 
■0/4 are disjoint and using the asymptotic formula of of [ipy,[3\ip^ (see 
Prop. 4.5]). □ 

We denote now by K^,{t) the value K^{t)x{\v-^i\<2}{.^, Ij), where xo. 
is the characteristic function of the set VL . Then 
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From (HH) and ^ we have that < C for all t G [0,T], 

where C does not depend on z/. Similarly \Ktiit)\ < C for all t G 
[0, T] and for all /i. We denote by k^^it) the value k^^{t)x{\v-^JL\>z}{,J-', At)- 
From (|Tn| we have that 

- h{ii,t)\ < Ci(z/ + /i) 
for all n and for all t G [0,T]. Consequently using (fTI)|) we deduce 

Easily we have 

where C does not depend on z/; similarly in the remaining case. We 
obtain 

oo 



00 



u=Q j,k 

00 
i/=0 



so that there exists C > which does not depend on a such that 

A < CE{t). 

Let us consider briefly the next term in ()14p . We set 



00 



v=Q j 

As before 

00 

h{iJ.,t) , h{u.t) , 

■e ^ ||VM^||L2e ^ ||9iM^||L2 



00 

E (fe(t/,t)-h(M,t)) _, 



A computation similar to the previous one gives 

B < CE{t). 

The estimate of the other terms from ()14j) is strightforward. We finally 
obtain 

00 

E\t) < {-2a + C)E{t) + e-''("'*)-2"* || {L 



u 



u=0 
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where C depends on Ojfc, c but does not depend on a. We choose 
a > C /2 and (fT^ follows. From this the inequality ((Tj) is obtained 
with a standard argument (see [SI p. 695]). The proof is complete. 
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